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Resumen

La identificabilidad y la observabilidad estructurales son propiedades que describen la capacidad de determinar los parame-
tros y estados de un modelo a partir del conocimiento de sus ecuaciones, entradas y salidas. Un modelo es estructuralmente
inidentificable si diferentes conjuntos de pardmetros producen salidas idénticas. En este trabajo adoptamos un enfoque, al que
denominamos SIM, para analizar la identificabilidad y la observabilidad en sistemas dindmicos mediante la bisqueda de sus
simetrias de escala. El método propuesto se basa en el anélisis de la invariancia del sistema bajo transformaciones de escala de
pardmetros y estados, y puede aplicarse sistemdticamente independientemente de la dimensionalidad del modelo. Este método
evalda una condicién suficiente pero no necesaria para la no-identificabilidad; por tanto, no puede asegurar identificabilidad.
Presentamos la implementacién del método SIM para modelos de ecuaciones diferenciales ordinarias (EDOs) en la foolbox de
MATLAB STRIKE-GOLDD, y lo extendemos a modelos de ecuaciones diferenciales parciales (EDPs) mediante el nuevo algo-
ritmo SIM-PDE. Este enfoque es sencillo de implementar y computacionalmente eficiente, lo que lo hace adecuado incluso para
modelos altamente no lineales y a gran escala.

Palabras clave: Identificabilidad estructural, Observabilidad, Escalado, Simetria, EDOs (ecuaciones diferenciales ordinarias),
EDPs (ecuaciones en derivadas parciales)

Symmetry-Based Structural Identifiability and Observability Analysis of PDE and ODE Models in STRIKE-GOLDD
Abstract

Structural identifiability and observability are properties that describe the ability to determine the parameters and states of
a model from knowledge of its equations, inputs, and outputs. A model is structurally unidentifiable if different parameter sets
produce identical outputs. In this work, we follow an approach, to which we refer as the SIM algorithm, to analyse identifiability
and observability in dynamical systems based on finding its scaling symmetries. The method relies on analysing the invariance
of the system under parameter and state scaling transformations and can be systematically applied regardless of the model’s
dimensionality. This method evaluates a sufficient but not necessary condition for unidentifiability; hence, it cannot ensure
identifiability. We report the implementation of the SIM method for ODE models in the STRIKE-GOLDD MATLAB toolbox,
and extend it to partial differential equation (PDE) models through the newly introduced SIM-PDE algorithm. The approach is
straightforward to implement and computationally efficient, making it suitable even for highly nonlinear and large-scale models.

Keywords: Structural Identifiability, Observability, Scaling, Symmetry, ODEs (Ordinary Differential Equations), PDEs (Partial
Differential Equations).
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1. Introduction

Mathematical models play a central role in understanding
biological systems, enabling quantitative descriptions of com-
plex mechanisms and providing a framework for interpreting
experimental data. In many cases, these models are formula-
ted as dynamical systems, where unknown parameters must
be estimated from observational data. These parameters typi-
cally represent constant biological rates or mechanisms that
govern system behavior (DiStefano III, 2015). Even if abun-
dant and noise-free data is available, it is not always possible
to uniquely determine all parameters. This fundamental limi-
tation is known as lack of structural identifiability. Structural
identifiability is distinct from practical identifiability, which
depends on noise, sampling, and experimental design (Holm-
berg, 1982; Raue et al., 2009; Wieland et al., 2021). In con-
trast, structural identifiability is an intrinsic property of the
model itself and cannot be resolved by improving data qua-
lity. Ensuring structural identifiability is a necessary step be-
fore parameter estimation, since a good fit to data does not
guarantee that parameter estimates are unique or physically
meaningful. Structural identifiability is typically classified as
global or local, depending on whether uniqueness holds over
the entire parameter space or only in a neighborhood of the
true values (Ljung and Glad, 1994). A related property, ob-
servability, informs about the possibility of inferring the state
variables — rather than the parameters — from knowledge of
the input and output. While many works have focused only
on structural identifiability (particularly in the area of mathe-
matical biology), here we are interested in both properties, to
which we refer as SIO. However, we may still use the phrase
“structural identifiability” in parts of the text.

1.1.  SIO of ODE models

Lack of structural identifiability or observability can of-
ten be traced back to the presence of symmetries in the model
equations. It has been shown in the literature that the existence
of scaling symmetries is equivalent to the existence of simi-
larity transformations, that is, transformations of parameters
and state variables that leave the model outputs unchanged.
Consequently, the presence of such symmetries implies a lack
of structural identifiability and/or observability (Yates et al.,
2009; Merkt et al., 2015). In this regard, Castro and de Boer
(2020) investigated structural identifiability of ODE models
by proposing a simple analytical method based on scaling in-
variance of system parameters. The core idea is to rescale the
parameters and examine whether the model equations remain
invariant, which indicates whether different parameter sets can
produce the same observed output. This approach allows iden-
tifiability conditions to be derived through straightforward al-
gebraic manipulations, avoiding the need for complex compu-
tations. In this work, we implement this method within the
STRIKE-GOLDD toolbox in MATLAB (Diaz-Seoane et al.,
2022). The method (SIM algorithm) is illustrated through re-
presentative examples and shown to be effective for ODE mo-
dels, while remaining relatively simple to implement and more
practical than many existing techniques.

1.2.  SIO of PDE models
Regarding structural identifiability analysis of partial dif-
ferential equation (PDE), differential algebra approaches ha-

ve been extended to this type of systems. Differential algebra
converts dynamical systems into input—output polynomial dif-
ferential equations and assesses identifiability through the in-
jectivity of the coefficient map. However, although this frame-
work has been successfully applied to various ODE and PDE
models, it remains computationally intensive and is restricted
to polynomial or rational model structures. Recently, Renardy
et al. (2022) developed a framework for age-structured PDE
models, showing that for constant parameters, identifiability
results are consistent with ODE counterparts, while additio-
nal identifiable parameter combinations may arise when pa-
rameters vary with age or include immigration terms. Brow-
ning et al. (2024) extended this approach to linear reaction—
advection—diffusion PDEs, showing that spatial effects do not
necessarily reduce identifiability, although the method beco-
mes computationally demanding due to large polynomial sys-
tems and increasing derivative orders required for state elimi-
nation. Further, Byrne et al. (2025) generalized the framework
to a broad class of polynomial PDEs and showed that identi-
fiability can be inferred from the input—output coefficient map
under generic conditions, though symbolic complexity and de-
pendence on initial and boundary conditions remain signifi-
cant challenges. Overall, these works demonstrate a progres-
sion from age-structured models to more general PDE classes;
however, the differential algebra approach remains limited to
polynomial or rational structures and is computationally in-
tensive for large-scale systems.

Recently, Wu et al. (2025) proposed a systematic PDE-
to-ODE reduction framework for multi-scale infection mo-
dels, where within-host dynamics are described by ODEs
and between-host dynamics are formulated as age-structured
PDEs with integral terms. In such cases, unknown parameters
can be factored outside integral operators, leading to aggrega-
ted variables and enabling standard ODE-based identifiability
analysis. However, this reduction is not always valid due to
non-separable parameter structures, nonlinear dependence in-
side integral terms, and convergence requirements. Moreover,
in coupled multi-scale systems, identifiability issues may pro-
pagate between subsystems depending on observability and
available measurements.

1.3.  Contribution and outlook

Overall, the existing methods for analysing structural
identifiability of PDE models remain computationally inten-
sive and are often restricted to specific model types, which
motivates the development of simpler and more general ap-
proaches. In this work, the SIM algorithm, which is based on
identifying scaling symmetries of differential equations that
lead to the detection of unidentifiable parameters and unob-
servable states, is adapted to PDE models and implemented
within a MATLAB framework (SIM_PDE algorithm). This
method enables a direct analysis of structural identifiability
and observability by examining the invariance of the PDE mo-
dels under scaling transformations of parameters and state va-
riables. Unlike classical differential algebra or symbolic eli-
mination techniques, the proposed approach reduces the pro-
blem to solving simple algebraic scaling relations, making it
computationally efficient and applicable to large-scale nonli-
near ODE and PDE models. In the next section, we present
the methodology of both the SIM and SIM_PDE algorithms.
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Next, we demonstrate their use by applying them to case stu-
dies from the literature. We conclude the paper with a brief
discussion and outlook of future research.

2. Methodology

2.1.  SIM: scaling invariance method for structural identifia-

bility and observability analysis of ODE models

Structural Identifiability and Observability (SIO) analy-
sis is a theoretical framework used to determine whether the
state variables and unknown parameters of a dynamic model
can be uniquely detected from the available output. A mo-
del is said to be structurally locally identifiable (SLI) when
only a finite number of parameter vectors can produce the sa-
me input—output behaviour (DiStefano III, 2015). Since unk-
nown parameters may be considered as constant state varia-
bles, structural identifiability can be treated as a particular case
of observability. Consequently, both concepts are investigated
together within a unified SIO analysis.

The scaling symmetry-based method is based on introdu-
cing unknown scaling factors for all model parameters and for
unobserved state variables. Each parameter and unobserved
variable is multiplied by an independent scaling factor, which
represents a possible symmetry transformation of the system.
These scaled quantities are then substituted into the original
model equations. To ensure consistency with the original sys-
tem, we impose the condition that the transformed model must
preserve its structure. In other words, the equations must re-
main invariant under the scaling transformation. This invarian-
ce is applied separately to each functionally independent com-
ponent of the model, leading to a set of algebraic equations in
terms of the scaling factors. These algebraic relations capture
the intrinsic scaling symmetry structure of the model. Solving
these equations provides direct information about parameter
dependencies and observable quantities.

To illustrate the concepts, consider a simple death model:

dx

o, = TP1p2X

7 ey

To establish the proposed approach, we first relate SIO to
sensitivity analysis. It should be noted that identifiability can
also be determined without explicitly computing sensitivities.

It follows from the solution x(f) = xge P72 that only
the product p;p, can be inferred from observations of x(¢),
rather than the individual parameters. This lack of uniqueness
is associated with the linear dependence of the sensitivity fun-
ctions. In general, structural identifiability can be analysed th-
rough the sensitivity matrix S, whose elements are defined as:

(9x,-
’ pm) = 6_

S,»j(xl,.. D
J

@

s Xns P11y - -

A necessary condition for identifiability is that the co-
lumns of this matrix are linearly independent (Walter and
Pronzato, 1997; Stigter and Molenaar, 2015). To provide a
more interpretable and dimensionless measure, we use the re-
lative sensitivity (or elasticity) matrix K, defined as:

PjOxi _ Dj
Kij(xi, .. )= TaE =Sy ()
) J i

s Xns Pls e

This formulation quantifies the sensitivity of each state va-
riable to variations in the model parameters. Specifically, a va-
lue of K;; = 1 implies that the state x; responds proportionally
to changes in the parameter p;, so both quantities vary at the
same relative rate. In contrast, a value of K;; = 0,5 reflects a
damped response, indicating that x; changes at only half the
relative rate of p;. For the considered death model, the elasti-
city matrix reduces to a (1 X 2) vector:

K = (K1, K12) “
with:
1= %;—;, = %;—;2 (5
Let us now introduce independent scaling factors, u;:
pr—ou-pi,  pro U p (6)
Substituting into the model gives:
dx
o = TP pr X 0

To preserve invariance, this expression must coincide with
the original equation:

Pl P2 X=uUp-pi-Uy-pr-Xx (8
which leads to the condition:
uy-uy = 1 (9)

Since u; and u, cannot be uniquely determined, the indi-
vidual parameters p; and p; are unidentifiable, although their
product remains identifiable. If e.g. u; = 1, no scaling sym-
metry involving p; would exist. While such a result might
be interpreted as a suggestion that p; is structurally identi-
fiable, this method does not rule out the possible existence
of other symmetries. Hence, it provides a necessary condition
for identifiability (and, equivalently, a sufficient condition for
non-identifiability), but not a sufficient and necessary condi-
tion for neither property (Villaverde and Massonis, 2021).

The same procedure can be applied to state variables, thus
providing a result about their (non-)observability.

2.2. Extending the approach to PDE models: SIM_PDE

The relationship between scaling invariance, structural
identifiability, and observability for partial differential equa-
tions (PDE) models follows the same principles discussed pre-
viously for ODE systems. In particular, the existence of sca-
ling transformations that preserve the model equations implies
parameter dependencies and lack of uniqueness in the identi-
fication problem. Therefore, the theoretical foundation of the
proposed SIM approach remains unchanged when extending
the analysis from ODEs to PDEs. Based on these considera-
tions, we propose to apply the same scaling invariance frame-
work to PDE models. Consider a model described by a set of
n PDEs:

Oxi(t,s)
a

oxi(t,s) 0*x(t,s) 0*x(t,s) 6*x;(t,s)
ds ~ 0s2 o2 Osot
(10)

ﬁ )C[(t, S)3

J

s
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where x;(t, s) denotes the state variables of the model, which
depend on time ¢ and an additional independent variable (e.g.,
space; here, we have used the letter s). The methodology for
analysing PDE systems can be summarized as follows:

1. Scale all parameters and all unobserved state variables
by unknown scaling factors u:

i=1,...,m, (11
j=r+1,...,n, (12)

Pi = Up, i,

Xj— Mx]x]',
and substitute them into Eq. 10.

2. Enforce invariance of each functionally independent
term in the model equations.

M
fits X Pt o) = ) &), (13)
k=1

Specifically, each term f; must satisfy:

ful P) = - fulus, ), (14)
Xi
where u,, = 1 for observed states, since they are not
scaled. The prefactor arises from the scaling of the time
derivative:
(9)(,' 6)(,'
or "

Additionally, from the initial/boundary conditions

x:(0,5) = x;0(s), i=1,...,n,

it follows that u,, = u,,,, ensuring consistency between
the observability of the state variables and the identi-
fiability of their corresponding initial conditions. Follo-
wing Browning et al. (2024), we do not consider boun-
dary conditions explicitly; we assume that we have no
information about the system at the boundaries.

3. Solve the resulting algebraic equations obtained from
Eq.14 to determine combinations of scaling factors that
leave the system invariant. These relations define the
identifiability equations of the model:

e = Fr(um,, Uy, - .. ).

Based on the solutions of the scaling equations, the SIO of
both ODE and PDE models can be characterized as follows:

= A parameter p; may be structurally identifiable if its
associated scaling factor is uniquely equal to one (i.e.,
up, = 1). This indicates that no non-trivial scaling trans-
formation can leave the system invariant while modif-
ying that parameter independently. However, this result
does not rule out the existence of other types of symme-
tries, and therefore it does not guarantee identifiability.

= A parameter p; is structurally unidentifiable if its sca-
ling factor admits non-trivial solutions different from
one. In this case, multiple parameter values can produce
identical system behavior, making independent estima-
tion impossible.

» Similarly, a state variable x; may be observable if its
corresponding scaling factor is constrained to one (i.e.,
uy, = 1). If the scaling factor admits non-trivial solu-
tions different from one, the state is unobservable.

= If two or more parameters (and/or state variables) are
associated with coupled scaling factors, they may form
an identifiable (and/or observable) group. Such parame-
ters and states cannot be estimated independently, but
their combinations could.

We remark that the SIM algorithm provides a necessary
but not sufficient condition for structural identifiability and
observability. Therefore, any conclusions regarding identifia-
bility or observability obtained through this approach should
be interpreted as indications rather than definitive guarantees.
However, non-identifiability and non-observability results are
conclusive.

3. Case Studies

To demonstrate the applicability and effectiveness of the
proposed approach, this section presents two representative
case studies: one based on an ordinary differential equation
(ODE) model and another based on a partial differential equa-
tion (PDE) model. These examples are selected from the li-
terature, where their structural identifiability properties have
been previously analysed using established methods.

3.1. gLV model

The generalized Lotka—Volterra (gLV) model is a widely
used framework in ecology and systems biology for describing
species—species interactions through coupled nonlinear diffe-
rential equations. In this approach, the growth of each species
is modeled as a combination of its intrinsic growth rate and the
cumulative effects of pairwise interactions with other species.
The SIO of gLV models was analysed by Diaz-Seoane et al.
(2023) in the context of microbial community modeling.

We use as case study a model with three state variables
(x1, X2, x3) and 12 parameters, including intrinsic growth rates
(r1, 2, r3) and interaction coeflicients (8;;). The system equa-
tions are given by:

) 2
X1 = rixy + Buxy +Prexixe + Bi3xix3
. 2

gLV = {3y = Xy + Bor X1 X2 + Bx; + Br3xox3 (15)
) 2
X3 = r3xz + B31X1X3 + B3ax2x3 + 3343

In this configuration, only x, and x3 are directly measu-
rable outputs, but not x;. We introduce scaling factors for all
parameters and unobserved states:

ry = Uy,
Bij = up, Bijs
while, since x, and x3 are observed outputs, their scaling fac-
tors are fixed as

r2 = Upr2, 13 = Upls,

(16)

X1 = Uy, X1

Uy, =1, uy, = 1.

The scaling equations obtained from the SIM procedure are:

ug2 =1, ug;3 =1, ug =1, ug,3 =1,
Mﬁ31 = 1, M'BSQ = 1, I/tr] = 1, I/lr2 = 1,
U, =1, uguy, =1, uguy, =1,  ugu, =1.
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Based on the SIM method, the (possibly) identifiable parame-
ters are:

{r1, 72, 13, 812, 813, B22, B23, B32. B33}

and the (definitely) non-identifiable parameters are:

{B11, 521,831}

Regarding the state variables, x, and x3 are directly mea-
sured, whereas x; is unobservable. The results obtained from
the SIM method are further validated through comparison
with other established structural identifiability and observabi-
lity tools, including the FISPO and Prob_Obs_Test algorithms
included in STRIKE-GOLDD (Diaz-Seoane et al., 2022). All
three approaches consistently identify the same unidentifiable
parameters and unobservable state, confirming the reliability
of the obtained classification.

A significant difference among the algorithms is observed
in computational efficiency. The SIM method required appro-
ximately one second to analyse the model in our computers,
making it the fastest approach among the considered methods.
In contrast, the Prob_Obs_Test required 7 seconds, and the
FISPO method required 482 seconds. Furthermore, the SIM
algorithm is generally applicable, i.e., unlike Prob_Obs_Test
it does not require the model to be rational. This generality,
as well as its good scalability with problem size, is the main
advantage of SIM.

3.2. Age-structured PDE model with density-dependent
transmission and constant parameters

In this case study, a simplified mathematical model of tu-
berculosis (TB) epidemiology is considered (Renardy et al.,
2022). TB is transmitted via the aerosolized bacterium My-
cobacterium tuberculosis, which spreads between individuals
through lung inhalation. A key feature of TB is the frequent
development of a latent infection, during which individuals
are asymptomatic and non-infectious, and the infection may
persist for a long period.

The population is divided into three compartments: Sus-
ceptible (S), Exposed/latent (E), and Infectious (7). Suscep-
tible individuals become infected through contact with infec-
tious individuals and may either progress directly to the in-
fectious class or first enter the exposed class, extending the
classical SEI framework. In this work, the SEI PDE model
is analysed using the SIM_PDE method. The system can be
written as:

— 4= =88 s,
ot * ds A ky Hs
0 0 k
SEI=2E 2L (1 —pS Ly - +pup)ye. (17)
ot os k;
Oyr | Oyr _ ki
o + s —E,BSy1+6kEyE M1 Yi,

All state variables depend on both time and age. The pa-
rameters 3, us, €, 0, g, 11, kg, and k; are assumed constant,
while yg and y; are considered as measured outputs. We intro-
duce scaling factors for all parameters and unobserved states:

IB - uﬁﬁ’ Hs — UygHUs s € = UcE,
0 > us6, Mg D Uy HE, M1 = Uy, (18)
kg = w ke,  kp — ugk;, S —>ugS,

while, since yg and y; are observed outputs, their scaling fac-
tors are fixed as

Imposing invariance of the system under these transforma-
tions leads to the following identifiability equations:

uy =1, ug=uy,, (1-ueus=~1-e),
U
up, = l’ Us = M_Ea u66+uﬂEﬂE = 6+ME’ (19)
ki
ucugus =1,

From these relations, it follows that only the parameters
us and gy can be structurally identifiable.

If the additional condition ug = ug is imposed, the system
simplifies and yields:
Uy, = 1, Us = 1,

uy, us up, = 1,

(20)

Up, = Uy, = ug, ue=1.

In this case, the (possibly) identifiable parameters are:
{us, pr, pe, 6, €.
The identifiable parameter combinations are:

BB ki ks pu
T kgl kg k)

According to Renardy et al. (2022), the polynomial coeffi-
cients obtained from input output equations via the differential
algebra approach include:

E @ ke ki(6 + uge) [ﬂ
ki” kg kp(e—1)" kg(e—1) " ki’
okyus B
HMis Hs, — s IS — 7—

ke ke

while g and y; are structurally identifiable.
Furthermore, under the condition ps = g, the parameters
¢ and € become identifiable, together with the combinations:

BB
ke’ ki’
so the identifiable parameters are:

{us, mr, HE, O, €}.

Thus, the results obtained using the scaling symmetry-
based algorithm are fully consistent with those reported in the
literature using differential algebra approaches for the analy-
sis of PDE models, while requiring only 0.3322 seconds to
analyse this model. These findings suggest that the proposed
method provides a computationally efficient framework for
the structural analysis of PDE models with low computatio-
nal cost.
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4. Conclusions

In this work, we have reported the implementation of the
SIM method — a simple approach based on scaling symme-
tries for the analysis of structural identifiability and observabi-
lity of ODE models — within the MATLAB toolbox STRIKE-
GOLDD. The method is applicable to a wide range of biologi-
cal models, such as the ones available in the STRIKE-GOLDD
GitHub repository (which can be accessed here).

Furthermore, as the main contribution of this study we ha-
ve extended the SIM framework to partial differential equation
(PDE) models, leading to the development of the SIM_PDE
algorithm. This approach enables the analysis of structural
identifiability and observability in PDE models by exploiting
scaling invariance properties, without requiring model trans-
formation or symbolic elimination. The proposed method has
been successfully applied to a PDE model from the literature,
demonstrating its practical applicability.

As illustrated in the case studies section, the results ob-
tained using the proposed approach are fully consistent with
those reported using established methods, such as differential
algebra approaches and other algorithms available in the lite-
rature. In particular, the method reliably identifies unidentifia-
ble parameters, observable and unobservable states, and para-
meter combinations arising from scaling symmetries — which
may be identifiable in the absence of other symmetries. That
said, it should be remarked that the method evaluates a con-
dition for unidentifiability that is sufficient, but not necessary.
In other words, the method can determine that a parameter is
unidentifiable with certainty, but it cannot guarantee that it is
identifiable. The same is valid for the observability of a state
variable.

A key advantage of the proposed framework is its sim-
plicity and computational efficiency. The method reduces the
identifiability problem to the solution of algebraic scaling re-
lations, thereby avoiding the complexity typically associa-
ted with alternative approaches, such as differential algebra
methods for PDE models and differential geometry methods
such as FISPO, Prob_Obs_Test, and Lie_Symmetry for ODE
models. Consequently, the framework is particularly well sui-
ted for the analysis of large-scale and highly nonlinear ODE
and PDE models involving a large number of states and para-
meters.

Overall, the integration of the SIM and SIM_PDE algo-
rithms within STRIKE-GOLDD provides a practical and effi-
cient tool for identifiability and observability analysis in both
ODE and PDE systems.
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