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Resumen

El objetivo general de esta linea de investigacion es lograr un control preciso de fase y amplitud en magnetrones para su
aplicacion en aceleradores de particulas. Como primer paso fundamental, este trabajo presenta la simulacién eficiente de mag-
netrones sincronizados por inyeccion. El principal desafio radica en que el modelo de circuito equivalente es un sistema oscilato-
rio “’stiff”’, lo que provoca que los métodos estdndar requieran tolerancias extremadamente bajas y largos tiempos de computacion.
Este articulo evalia y compara diversos métodos numéricos en Keysight ADS, MATLAB/Simulink y Julia, utilizando Dynamic
Time Warping para cuantificar el error sin penalizar derivas puramente temporales. Tras identificar los algoritmos 6ptimos para
una simulacién rdpida y precisa, se demuestra que este modelo es apto para el disefio de estrategias de control. Como prueba
de concepto, se implementa un lazo de control Proporcional-Integral sintonizado mediante SIMC, evidenciando la viabilidad de
controlar las dindmicas lentas de fase y amplitud sobre el modelo oscilatorio no lineal.

Palabras clave: Modelado, Aplicacion de técnicas de andlisis y disefio no lineales, Disefio de sistemas de control, Validaciéon
de modelos, Estabilidad de sistemas no lineales

Abstract

The overarching goal of this research line is to achieve precise phase and amplitude control in magnetrons for particle
accelerator applications. As a fundamental first step, this work presents the efficient simulation of injection-locked magnetrons.
The primary challenge is that the equivalent circuit model is a stiff oscillatory system, causing standard numerical methods to
require extremely tight tolerances and inherently slow simulations. This paper evaluates and compares various numerical solvers
across Keysight ADS, MATLAB/Simulink, and Julia, utilizing Dynamic Time Warping to quantify error without improperly
penalizing purely temporal drifts. After identifying the optimal algorithms for fast and faithful simulation, we demonstrate
that this model is highly suitable for control design. As a proof of concept, a Proportional-Integral control loop tuned via the
SIMC method is implemented, demonstrating the feasibility of controlling the slow phase and amplitude dynamics based on the
nonlinear oscillatory model.

Keywords: Modeling, Application of nonlinear analysis and design techniques, Control system design, Model validation,
Stability of nonlinear systems

1. Introduction Magnetrons are vacuum electronic devices that convert
DC electrical energy into high-frequency electromagnetic ra-
diation through the interaction of a rotating electron cloud
with a resonant cavity structure (Slater, 1950). As a self-
oscillating system, the magnetron can achieve high out-

Magnetrons are a key technology in the generation of
high-power microwaves, with widespread applications span-
ning industrial heating, radar systems, and particle accelera-
tors (Buck et al., 1948; Huang et al., 2025).
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put power levels (ranging from tens of kilowatts to several
megawatts) with relatively simple construction and high effi-
ciency. As a result of their high efficiency, cost-effectiveness,
and compact design, the magnetron is one of the key compo-
nents in modern high-power RF generation (Yuan, 2020). Al-
though magnetrons inherently exhibit high output power, their
free-running operation is characterized by significant ampli-
tude, phase, and frequency instability, which limits their appli-
cability in scenarios demanding precise amplitude and phase
control. The most widely used approach to reduce these insta-
bilities is through injection locking techniques (Huang et al.,
2025).

Injection locking is a phenomenon in which a free-running
oscillator synchronizes to a weak external signal, compelling
it to oscillate at the frequency and phase dictated by the
injected source (Adler, 1946; Kurokawa, 1973; Razavi and
Razavi, 2023). In the specific context of magnetrons, injec-
tion locking not only ensures precise frequency stabilization
but also facilitates phase noise reduction and enables coherent
power combining from multiple sources, which is essential for
applications requiring high-power phased arrays and acceler-
ator applications (Hasegawa et al., 2019; Treado et al., 1991;
Huang et al., 2024). Significant research efforts have demon-
strated successful implementations in accelerator RF sources
(Dexter, 2014; Read et al., 2019; Kazakevich et al., 2014) and
wireless power transmission systems (Shinohara, 2013; Chen
et al., 2018).

Despite the maturity of magnetron technology, the devel-
opment of advanced dynamic capabilities (particularly real-
time modulation of phase and amplitude) remains a critical
challenge for next-generation applications. The overarching
objective of our work is to achieve phase and amplitude con-
trol in magnetrons applied to particle accelerators, which is
essential for maintaining beam quality and stability in mod-
ern accelerator facilities. As a fundamental first step towards
that goal, it is necessary to properly model and simulate the
magnetron in order to design the controller.

Simulating such systems presents a significant problem:
the model is a numerically “stiff” oscillatory system. This
implies that the system dynamics exhibit vastly different time
scales (i.e., very fast high-frequency RF oscillations alongside
much slower amplitude and phase dynamics). Consequently,
standard numerical simulation methods struggle to maintain
accuracy and stability unless extremely low tolerances and in-
finitesimally small time steps are used, resulting in very slow
and computationally expensive simulations.

While the physical admittance models are derived from
foundational literature (Slater, 1950), the objective of this pa-
per is to explore and compare different simulation methods to
identify the solver that best adapts to our magnetron model.
We aim to demonstrate that it is possible to accurately and
rapidly simulate this nonlinear model without relying on ex-
cessively tight tolerances. Once this robust simulation base is
established, it enables the integration of a control algorithm
operating on much slower timescales, which will be presented
as a proof of concept.

This paper is organized as follows: Section 2 describes
the physical model of the magnetron used in this work, which
is based on Slater’s equivalent circuit. Section 3 presents the
simulation results and the solver comparison. Finally, Section

4 demonstrates a proof of concept of a closed-loop control im-
plementation using the developed model and using the optimal
simulation strategy.

2. Magnetron Model Description

To accurately represent the magnetron dynamics, Slater’s
equivalent circuit model is employed (Slater, 1950, 1947).
The complete model is shown in Figure 1, where the fun-
damental structure of this model comprises an RLC resonant
circuit coupled to a complex nonlinear negative admittance,
which provides an effective lumped-element representation of
the distributed electromagnetic interactions between the mag-
netron electron cloud and the resonant cavity.
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Figure 1: Schematic representation of Slater’s equivalent circuit model for
an injection-locked magnetron. The nonlinear admittance Ygwy captures the
electron-field interactions, while the external current source represents the
injected signal. Load impedance effects are also included to account for fre-
quency pulling phenomena.

The admittance used in this work was presented by Slater
in his analysis of magnetron oscillation conditions, and has
been extensively validated against experimental data (Slater,
1950, 1947). The Electron-Wave Interaction (EWI) admit-
tance is expressed as

Yewr = — (g + jb), ()

where j = V-1, and the conductance and susceptance are
defined as

! (@—l) and b=by—g-tana. 2)
VRF

In the above equations, R represents the effective interaction

resistance, Vpc is the applied anode voltage, Vgp is the RF

voltage of the magnetron oscillation, by is the susceptance at

saturated oscillation (when Vpc = V), and « is the phase

angle of the space charge distribution relative to the RF field.

The admittance exhibits a negative real component rep-
resenting the net power transferred from the externally ap-
plied DC potential to the RF electromagnetic field, and an
imaginary component accounting for electronic tuning and
a change in oscillation frequency (Pengvanich et al., 2005).
The negative-conductance behavior originates from the intri-
cate interactions between the rotating spoke-like space charge
distribution and the RF fields within the anode-cathode inter-
action space, as analyzed by Slater (Slater, 1950). Due to the
susceptance, variations in anode voltage modulate the oscilla-
tion frequency in a phenomenon known as frequency pushing
effect, and significantly influence locking dynamics (Zhang
et al., 2022; Tahir et al., 2006).

Furthermore, the model incorporates a complex load
impedance (YL pap) coupled to the resonant RLC resonator.
Variations in the load reflection coefficient induce frequency
pulling effects, causing the oscillator to deviate from its nom-
inal frequency depending on the presented impedance (Buck

Rewt
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et al., 1948; Razavi, 2004). This phenomenon must be con-
sidered in practical implementations, as load mismatches can
substantially narrow the injection locking bandwidth.

An external current source (/iny) is introduced into the
equivalent circuit, perturbing the free-running oscillation dy-
namics and driving the internal oscillation toward phase and
frequency coherence with the injected signal (Pengvanich
et al., 2005; DeVito, 1973). This imitates the physical behav-
ior of the magnetron under injection locking conditions. The
locking range and transient behavior depend on the injection
ratio, frequency detuning, and oscillator nonlinearity (Adler,
1946; Bhansali and Roychowdhury, 2009).

Applying Kirchhoff’s current law to the equivalent circuit
of Figure 1, the system dynamics can be explicitly described
by the following equations:

v _1[ (1 B
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diL _V

dr L

where v is the instantaneous complex RF voltage across the
cavity, and i, is the complex inductor current. The physical
value of the voltage and current oscillations can be obtained
from the real part of the complex variables, that is, R{v} and
Riir).

3. Model Simulation and Analysis

As introduced previously, the attempt to simulate the mag-
netron model has a fundamental problem: the system is ex-
ceptionally stiff. The stiffness arises from the separation be-
tween the ultra-fast timescale of the RF carrier wave oscil-
lation (typically unfolding in nanoseconds) and the relatively
slow macroscopic variations of the oscillation envelope, phase
modulations, and thermal or electrical transients (that unfold
on timescales of microseconds to milliseconds). Furthermore,
the control loop adds a discrete-time slowly varying compo-
nent to the system, with response times close to the transient
response of the envelope. When explicit ordinary differential
equation (ODE) solvers attempt to integrate these dynamics,
they are forced to take very small steps to track the fast RF
oscillations and maintain numerical stability, leading to exe-
cution times that can be computationally prohibitive. This is
particularly true when a control loop is being implemented, as
long simulations are required to capture the slow dynamics of
the system.

To address this challenge, different simulation method-
ologies were evaluated and compared to find an optimal
balance between execution speed and mathematical fidelity.
The circuit was modeled and simulated across three envi-
ronments: Keysight Advanced Design System (ADS), MAT-
LAB/Simulink, and Julia. All three environments successfully
yielded consistent results, confirming the mathematical cor-
rectness of the physical abstractions presented in Section 2.
Keysight ADS served as the physical baseline reference setup.
However, since the ultimate objective is to couple this model

with advanced closed-loop control logic, Simulink and Julia
were prioritized for detailed benchmarking, as they offer ex-
tensive control development libraries.

Table 1: List of solvers used. See (Shampine and Reichelt, 1997) for details
on the Simulink solvers and (Rackauckas and Nie, 2017) for details on the
Julia solvers.

Solver (Acronym)

Variable-order NDF method (odel5s)
< Modified second-order Rosenbrock (0de23s)
= Trapezoidal rule + free interpolant (ode23t)
E TR-BDF2 method (ode23tb)
“> DAE solver for Simscape™ (daessc)

Extrapolation + Newton’s method (odel4x)

Rosenbrock (ord. 3) (ROS3P)

Rosenbrock (ord. 4) + interpolant (Rodas4)

Rodas4 + improved stability (Rodas4P)
< Rosenbrock (ord. 5) + interpolant (Rodas5)
':; Rodas5 + improved stability (Rodas5P)

Modified second-order Rosenbrock  (Rosenbrock23)

TR-BDF2 method (TRBDF2)

5th order ESDIRK (Kvaerno5)

4th order ESDIRK + splitting (KenCarp4)

To analyze solver performance, implicit stiff-system
solvers natively provided by Julia and Simulink were bench-
marked (listed in Table 1). The tolerance sweep ranges were
defined for each solver to establish a practical benchmarking
boundary. The upper bounds (tight tolerances) were selected
to ensure the longest simulations did not exceed a practical
limit of one and three hours of computation time in Julia’s and
Simulink’s simulations, respectivelly. With this upper bound
all solvers managed to converge to the same solution and tol-
erance values ranged from 1072? (in Julia’s ESDIRK-based
solvers) to 1078 (in Simulink’s solvers). Conversely, the lower
bounds (relaxed tolerances) were extended until the respec-
tive solver failed to converge or became numerically unstable,
thereby capturing the complete operational envelope of each
algorithm.

To correctly quantify the discrepancy between relaxed-
tolerance solutions and the high-precision baseline, conven-
tional Root Mean Square (RMS) error metrics prove inad-
equate. When a solver yields an oscillating response with
slightly varying instantaneous frequency (a common artifact
of imperfect numerical integration of oscillators), RMS met-
rics heavily penalize this minor phase drift, incorrectly eval-
uating it as a large error despite the signal morphology re-
maining accurate. Dynamic Time Warping (DTW) provides
a more appropriate measure of goodness-of-fit by nonlinearly
aligning the temporal evolution of the signals, effectively dis-
counting purely temporal jitter while capturing genuine mor-
phological divergences (Gérecki and Luczak, 2012).

The systematic evaluation revealed that simulations per-
formed with the tightest tolerances consistently converged to
areproducible solution (see Figure 2(a)). Stiff solvers demon-
strated superior performance, achieving comparable accuracy
at significantly reduced computational cost relative to explicit
methods. Furthermore, the Julia implementation exhibited
markedly faster execution times compared to Simulink, espe-
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cially at tight tolerances (see Figure 2(b)). Remarkably, low-
order solvers prove to be sufficient to capture the essential dy-
namics of the system, as long as the tolerances were appro-
priately set, and managed to do so at a fraction of the compu-
tational cost of higher-order methods. These results show the
most suitable solvers for our application, and an example of
such implementation is tested in Section 4.
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Figure 2: Comparison between different solvers and tolerance settings. (a)
Envelope of the transient response of the model under different tight toler-
ance solver configurations. All solvers converge to a consistent solution with
tight tolerances. (b) Dynamic Time Warping distance as a function of solver
type and tolerance. Bold line represents the best performing solver for each
solver program.

3.1. Current Injection Tests

The injection of a small external current (/jn;) into the
equivalent circuit model was tested to verify that the model
correctly captures the injection locking phenomenon. The
transient response of the system to a change in the injected
current was simulated, demonstrating that the internal oscil-
lation synchronizes to the injected signal. The locking of the
oscillation frequency and phase to the reference happens only
when injection conditions are within the locking region, that
is, if the injected frequency is close to the natural frequency of
the system and the current magnitude is sufficiently large.

The results and the parameter values used are shown in
Figure 3. The transient response of the system to a step change
in the injected current is shown, demonstrating the locking be-
havior. The system exhibits a rapid convergence to the new

steady-state oscillation frequency and phase, confirming that
the model accurately captures the injection locking dynamics.
Moreover, although the system is able to lock to the injected
signal’s frequency, a constant phase difference is observed be-
tween the internal oscillation and the injected signal, which is
consistent with the theoretical predictions of injection locking
theory (Adler, 1946).

In a practical implementation, the phase difference be-
tween the injected signal and the magnetron oscillation de-
pends on many factors, such as the anode voltage, the load
impedance, and the injection conditions. Therefore, it is nec-
essary to implement a control loop that can adjust the injection
conditions in real time to maintain the desired phase and am-
plitude of the magnetron oscillation.
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Figure 3: Transient response of the oscillator’s voltage phase. The injected
signal’s frequency is taken as the reference for the demodulation process, and
the injected signal’s frequency does not exactly match the natural frequency
of the system. The parameters used in the simulation are shown in the table
below the plot. With six different injection phases, the system is able to lock
to the injected signal.

4. Proof of Concept: Closed-Loop Control

Having established in Section 3 a simulation framework
capable of faithfully reproducing the nonlinear behavior of a
magnetron without excessive computational cost, we can sim-
ulate the fast RF dynamics concurrently with the significantly
slower control timescales present in a macroscopic control
strategy.

As a proof of concept to demonstrate that the model is suf-
ficiently accurate to support control synthesis, a Proportional-
Integral (PI) control loop was implemented.

4.1. Proportional-Integral Control Loop

In a practical application, real-time measurements of the
magnetron’s output amplitude and phase would be acquired
and fed into the controller. In this simulation, the instan-
taneous envelope characteristics are continuously extracted
from the simulated resonant RLC circuit and compared against
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Figure 4: Capacitor voltage response at different time scales. Left: Full-scale view; Center: Zoomed-in view; Right: Detail view.

a desired amplitude and phase setpoint. Closed-loop injec-
tion locking following these principles has been previously
demonstrated in various contexts, including laser systems
(Teehan, 2000; Liu et al., 2026) and RF oscillators (Zhang
et al., 2024).

A discrete-time 1Q demodulator is employed to extract the
in-phase and quadrature components of the injected signal,
and the discrete-time PI compensator evaluates the error and
commands real-time adjustments to the amplitude and phase
of the injected external current (/iny). The algorithm com-
mands these variations to pull the internal magnetron oscilla-
tion into coherence with the reference trajectory. A block di-
agram illustrating this high-level control interaction is shown
in Figure 5.
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Figure 5: Schematic representation of the closed-loop control architecture for
an injection-locked magnetron.
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Figure 6: Time response of the closed-loop system to a step change in the
setpoint at + = 100 us by changing the desired phase from 0° to 90°, demon-
strating stable phase and amplitude tracking using SIMC PI tuning.

To address the highly stiff and nonlinear dynamics of the
magnetron cavity, the plant was approximated using a linear
First Order Plus Dead Time (FOPDT) (Skogestad, 2003):

Ke—Ls
s+ 1’

G(s) = “

The parameters K = 8.81 - 105, L = 0.6 us, and T = 1.78 us
were empirically extracted using an open-loop step response
on the injected current. The Proportional-Integral (PI) con-
trollers were tuned using the Simple Internal Model Control
(SIMC) analytical rules (Skogestad, 2003), yielding:

Kp
min(t, 4(t, + L))

1 7

=— =1.0-107°,
Kt.+L

=0.54
&)

Kp K =

being the selected 7. = 1.5 us.

This empirical method effectively stabilized the response,
implying that the underlying dynamical model responds ad-
equately and predictably to classical linear control tuning
heuristics in the macroscopic timescale. The transient track-
ing results of the in-phase and quadrature components are pre-
sented in Figure 6; simulating the complete system required
205 seconds for the 200 s simulation.

The stiffness of the system is visually evident in the tran-
sient response, as the RF oscillation occurs at a much faster
timescale than the amplitude and control loop dynamics. The
oscillator’s voltage response to the step change in the setpoint
is shown at different scales in Figure 4, to illustrate this point.

By successfully implementing and tuning the PI controller,
we demonstrate that a comprehensive computational setup can
combine a complex nonlinear circuit simulation (the mag-
netron) with slow discrete-time control loop execution.

5. Conclusions

This work constitutes a first step towards designing real-
time amplitude and phase controllers for magnetrons in par-
ticle accelerators. We successfully established and verified a
computational framework for the efficient modeling and simu-
lation of injection-locked magnetrons, based on Slater’s phys-
ical equivalent circuit model.

Extensive solver analysis addressed the inherent stiffness
of the oscillatory system, benchmarking Julia and Simulink
against Keysight ADS. The evaluation demonstrated that spe-
cialized, low-order stiff Julia solvers achieve superior com-
putational efficiency without compromising accuracy, avoid-
ing extremely tight tolerances. Additionally, a validation
methodology based on Dynamic Time Warping proved essen-
tial for correctly assessing solver performance by distinguish-
ing phase drift from amplitude error.

Using this robust simulation framework, injection locking
behavior was verified against theoretical predictions, confirm-
ing that the model correctly captures frequency and phase syn-
chronization within the locking region. The model also prop-
erly reflects the constant phase offset between the magnetron
oscillation and the injected signal.
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This efficient simulation methodology enabled a transi-
tion toward control design. As a proof of concept, a PI con-
trol scheme tuned via the SIMC method, successfully demon-
strated stable tracking of amplitude and phase setpoints by
manipulating the injected signal. This verifies that the nonlin-
ear macroscopic dynamics are adequately captured and con-
trollable.

Overall, these advancements establish a framework link-
ing high-frequency nonlinear circuit behavior with slower
macro-scale control. Future work will focus on experimen-
tal measurement of the model variables and the development
of robust control strategies for injection-locked magnetrons.
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