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Resumen

Este articulo presenta métodos para obtener circuitos equivalentes de danodos de magnetrén mediante andlisis de resonadores
RLC, y posteriormente crear plantas adecuadas para el disefio de sistemas de control. Se describen dos enfoques complemen-
tarios: la extraccién de pardmetros del circuito equivalente a partir de la admitancia, que se obtiene de medidas de pardmetros
de dispersion, y el andlisis de modo propio, que permite la extraccién directa de las caracteristicas del resonador a partir de
campos electromagnéticos simulados. La validez de estos métodos se demuestra mediante su aplicacion a una cavidad resonante
cilindrica simple. Posteriormente, estos métodos se aplican al anélisis de un dnodo de magnetrén de 10 cavidades, demostrando
cémo los parametros del circuito equivalente dependen de la geometria del dispositivo. Los resultados obtenidos permiten mod-
elar el comportamiento electromagnético del dnodo del magnetrén mediante un circuito equivalente, que a su vez facilita el
estudio de estos dispositivos y el disefo de sistemas de control.

Palabras clave: ldentificacion en dominio de frecuencia, Reduccion de modelos de sistemas de pardmetros distribuidos,
Aplicacién de electrénica de potencia.

Abstract

This article presents methods for obtaining equivalent circuits of magnetron anodes through analysis of RLC resonators, and
subsequently creating plants suitable for control system design. Two complementary approaches are described: extraction of
equivalent circuit parameters from the admitance, which are obtained from scattering parameter measurements, and eigenmode
analysis, which allows direct extraction of resonator characteristics from simulated electromagnetic fields. The validity of these
methods is demonstrated through application to a simple cylindrical resonant cavity. Subsequently, these methods are applied
to the analysis of a 10-cavity unstrapped magnetron anode, demonstrating how equivalent circuit parameters depend on device
geometry. The results obtained enable modelling of the electromagnetic behavior of the magnetron anode through an equivalent
circuit, which in turn facilitates the study of these devices and the design of control systems.

Keywords: Frequency domain identification, Model reduction of distributed parameter systems, Application of power
electronics.

1. Introduction static magnetic field act simultaneously and perpendicularly

on a dense cloud of electrons, forcing them into curved tra-

The magnetron is a high-power vacuum oscillator that  jectories that continuously transfer energy to a surrounding

converts direct-current electrical energy into microwave- resonant structure (Collins, 1948). Due to this efficient in-

frequency electromagnetic radiation. It belongs to the family teraction mechanism, the magnetron is capable of delivering
of crossed-field devices, in which a static electric field and a
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kilowatts to megawatts of peak microwave power at frequen-
cies ranging from roughly 1 GHz to 100 GHz, while remaining
compact, robust, and inexpensive when compared to other mi-
crowave sources. These qualities made it the enabling technol-
ogy of centimetre-wave radar during the Second World War
and, decades later, the heat source inside virtually every do-
mestic microwave oven.
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Figure 1: Geometry of the magnetron.

A cylindrical thermionic cathode at the centre emits elec-
trons radially outwards, towards a coaxial copper anode block
(both shown in Figure 1(a)). A DC voltage V, applied between
cathode and anode creates a radial electric field E, while an
axial magnetic field B, supplied by a permanent magnet or an
electromagnet, is imposed along the tube axis. Electrons are
subject to the Lorentz force F = g(E + v X B), which curves
their trajectories into cycloidal paths rather than straight radial
lines (Slater, 1954). When the magnetic field exceeds the crit-
ical threshold (the Hull cut-off condition, B.), electrons can
no longer reach the anode and instead return to the cathode,
a regime that defines the operating point of the device (Hull,
1921). When this condition is met, electrons form a rotating
cloud that orbits the cathode. The electron trajectories and the
shape of the electron cloud are shown in Figure 2.
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Figure 2: Electron trajectories depending on the magnetic field (a) with
B = 0T (I), B = B. (II), and B > B, (III) and electron cloud distribution
of the 7-mode of a 10-vane magnetron (b).

The resonant cavities added to the anode block are what
makes the oscillation mechanism work. Each cavity has a
specific resonant frequency determined by its geometry, and
the rotating electron cloud interacts with these cavities and
excites their resonant modes. The combination of resonant
cavities makes it so that many oscillating modes can be ex-
cited (Carter, 2018), but the one that is most efficiently ex-

cited is the 7-mode, in which adjacent cavities are 180° out of
phase.

2. Equivalent circuit of the magnetron anode

To analyse the behavior of the magnetron, it is common to
use an equivalent circuit that represents each cavity as a paral-
lel RLC circuit. Obtaining an equivalent circuit for the mag-
netron facilitates the understanding of its frequency response
and dynamic behavior.

The anode geometry chosen to be studied is shown in Fig-
ure 1. It consists of 10 vanes that form 10 resonant cavities.
The anode is not strapped, which means that there are no
metallic straps connecting the vanes, as is common in some
magnetron designs. These straps improve mode separation
and stability of the magnetron, but they also make the equiva-
lent circuit much more complex.

The equivalent circuit chosen to characterize the anode of
the magnetron is one composed of RLC resonators connected
in series to form a ring, so that each one corresponds to one
of the anode cavities. The equivalent circuit with 10 RLC res-
onators is shown in Figure 3(b).

Figure 3: Electric field distribution of the © — mode (a) and equivalent circuit
with 10 RLC resonators (b).

It must be noted that the equivalent circuit shown in Fig-
ure 3(b) is a simplified model of the magnetron anode, and
it does not take into account all the physical phenomena like
coupling between cavities or the effect of the cathode. How-
ever, it is a good starting point to understand and analyse the
behavior of the magnetron.

The electric field distribution of the m-mode from which
the equivalent circuit will be extracted can be seen in Fig-
ure 3(a), simulated with the electromagnetic simulation soft-
ware CST (Dassault Systemes, 2026).

3. Obtaining the equivalent circuit from measurements

Most characterizations of high-frequency devices such as
the magnetron are performed using scattering parameter anal-
ysis, which describes the relationship between incident and re-
flected waves at each port of the circuit. These measurements
are made using a Vector Network Analyzer (VNA), which
measures the scattering parameters over a specific frequency
range.

The scattering parameters are complex numbers that rep-
resent the amplitude and phase of the reflected and transmit-
ted waves, and the VNA obtains these parameters by emitting
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a known signal into the device under test and measuring the
reflected and transmitted signals (Sayed and Martens, 2013).

The parameter measured with the VNA is S, which is
ratio of the reflected wave to the incident wave. To explain the
procedure, the equivalent circuit of the system is assumed to
be a single parallel RLC resonator, and the scattering parame-
ter §1; is measured through it.

There are several methods for obtaining the equivalent cir-
cuit from the §;; measurement, but the one that will be used
in this case is the one in which the admittances are obtained
from the scattering results, and from these the resistance, ca-
pacitance, and inductance of each RLC resonator are derived
(Hong and Lancaster, 2001).

The resonant frequency is required to obtain the values of
R, L, and C. It is the frequency at which a minimum occurs in
the magnitude of §;, which indicates maximum energy ab-
sorption by the system. In turn, the resonant frequency fy (or
angular frequency wp) of an RLC circuit depends on its ca-
pacitance and inductance, and it can be calculated from the
following formula:

wo 1 1
= = e o
To obtain the admittance from S;, the following formula

can be used:
11-S1;

==—— 2
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where Zj is the characteristic impedance of the measurement
system. Once the admittance has been obtained, the admit-

tance formula of a parallel RLC circuit can be used to obtain
the values of R, L, and C (Pozar, 2011):

1 1
Yric = rT J(U)C a)L) (€)]
where w is the angular frequency, C is the capacitance, and
L is the inductance. We can separate the admittance into its
real part, called conductance, and its imaginary part, called
susceptance.

The resistance can be obtained directly from the real part
of the admittance and that at the resonant frequency, replacing
w with wy in (1), the susceptance becomes zero.

To obtain the capacitance, we can differentiate the imagi-
nary part of the admittance with respect to frequency and eval-
uate it at the resonant frequency:

Y, 1
d3[Yrecl =C+—-=2C 4)
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Once the capacitance has been obtained, we can derive the
inductance from the resonant frequency and (1):

1

L=——
w(z)C

(6)

One way to verify the validity of this method is to extract
the parameters of an RLC resonator from the S ; results ob-
tained through simulation (Cmeas, Lmeas, Rmeas) and com-
pare the results with the values of R, L, and C that were en-
tered into the simulation (C = 1pF, L = 25nH, R = 50Q).

For this purpose, the circuit is simulated in the Advanced Cir-
cuit Design (ADS) software (Keysight Technologies, 2026),
and the results and equivalent circuit parameters (obtained by
numerical differentiation) are shown in Figure 4. The recov-
ered parameters slightly differ from the original ones due to
numerical error.
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Figure 4: Equivalent circuit parameters extracted from the S 1 results in ADS
(all in ST units).

In this way, the equivalent parallel RLC resonator of a sys-
tem is obtained, but to obtain the equivalent circuit shown
in Figure 3(b) the process is slightly different. The admit-
tance through a parallel RLC resonator connected to other res-
onators forming a loop is related to the admittance of each
resonator as follows:

N
Yneasured = ﬁ * YRic—cell (7)

where N is the number of resonators in the loop. This equa-
tion is obtained by considering the admittance of an RLC cell
with N —1 RLC cells connected to one another in series and in
parallel to the first. The results obtained for the ring of parallel
RLC resonators are shown in Figure 5.
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Figure 5: Equivalent circuit parameters extracted from the S 1 results in ADS,
for N=5.

One can observe that the measured resistance and cell re-
sistance, for example, follow the 4/5 ratio expected from (7).

Something that must be taken into account is that the pa-
rameters obtained for the equivalent circuit from the S ;; mea-
surement are dependent on port definition, and will vary with
the position, orientation and impedance of the port. This is be-
cause the equivalent circuit parameters are not intrinsic prop-
erties of the system, but rather depend on how the system is
excited and observed. The only parameters that are indepen-
dent of the measurement method are the resonant frequency
and the unloaded quality factor.
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The equivalent circuit obtained from this method is better
described as the circuit that represents the system’s behavior
at the measurement port. That is why the equivalent parame-
ters for a single RLC resonator have been extracted from the
S 11 measurement of the magnetron anode, as considering an
equivalent circuit like the one shown in figure 3(b) would not
have a physical meaning.

Additionally, a python script was created that takes the
S 11 results obtained from the simulation of the magnetron an-
ode in CST, with the port placed between two adjacent vanes,
and extracts the equivalent circuit parameters. The results ob-
tained from the simulation are compared to the results from
the equivalent circuit calculated by the script in Figure 6.
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Figure 6: Comparison between simulated and RLC model S 1; results, with
C=4.13 pF, L=4.23 nH, R=112.9 kQ.

Both the magnitude and phase of the S, calculated from
the extracted RLC circuit match the simulated results, thus
confirming that the equivalent circuit accurately represents the
system behavior as seen from the measurement port.

4. Obtaining the equivalent circuit from eigenmode anal-
ysis

This following method provides a more physically in-
tuitive approach by extracting equivalent circuit parameters
from eigenmode solutions, where the modes and frequencies
(corresponding to eigenmodes and eigenvalues) at which a
certain structure can resonate are computed with the Jacobi-
Davidson method (Arbenz, 2016). A limitation of this method
is that it must be implemented in electromagnetic solvers such
as CST, HFSS, or similar tools.

By running a modal field solution in an eigenmode solver,
the following parameters can be extracted directly from the
computed fields (Pozar, 2011):

_KWe) KW

V;ap - (EO . d)Z (8)

1
e ae ®
r=W_ Qo (10)
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where (Wg) and (W),) are the time-averaged stored electric
. . d

and magnetic energies (equal at resonance), V,q, = fo E. dz

is the voltage across the gap d, wy is the resonant angular fre-

quency, (W) is the total stored energy, P, is the ohmic wall

loss, and Qy is the unloaded quality factor.

4.1. Pillbox cavity

One can check the validity of this method by simulating
a simple resonant cavity like the pillbox resonator. This res-
onator consists of a cylindrical cavity, so the only geometric
parameters that affect the resonant frequencies and modes are
the radius and the height of the cylinder.

As with any other resonant cavity, more than one resonant
mode can be excited in the pillbox, but the analysis will focus
on the fundamental mode, which is the one with the lowest
resonant frequency. This mode is the TMy;p mode, which has
an electric field distribution that is maximum at the centre of
the cavity and decreases radially towards the walls. The mag-
netic field in this mode is purely azimuthal and also decreases
towards the walls. The electric and magnetic field distribu-
tions of the TMy;9 mode in the pillbox resonator are shown in
Figure 7, simulated with CST.

(a) (b) (©

Figure 7: Geometry of the pillbox resonator (a), electric field (b) and mag-
netic field (c) distributions of the TMy;o mode.

The resonant frequency of the TMy;p mode in the pill-
box resonator can be calculated using the following formula
(Pozar, 2011):

C X01

ﬁno:E? (11)

where a is the radius of the pillbox, c is the speed of light in
vacuum, and Xy, is the first root of the Bessel function of order
zero, which is approximately 2.405. The resonant frequency
of this mode depends only on the radius of the pillbox and not
on its height.

All the parameters required for the calculations in (8), (9),
and (10) are given by the simulation or can be derived from
the results.

The method can be validated by comparing the result for
C obtained from the eigenmode analysis with the theoretical
value of C, which is obtained from the analytical formula for
time-averaged stored electric energy for the TMy;p mode and
(8) (Collin, 2001):

X da?
(W) = %|E0|2-2ﬂdeé(%r)rdr: T o T o)
0

gona*J* (X,
c_® dl( 01) (12)
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where d is the height of the pillbox, & is the permittivity of
free space, and J;(Xj;) is the value of the Bessel function of
order one at the first root of the Bessel function of order zero.

The capacitance obtained from the eigenmode analysis is
compared with the analytical formula and with the formula for
the parallel plate capacitor:

Cpp = == (13)

where A is the area of the plates, which in this case is na’.

The value obtained for capacitance from the eigenmode
analysis with (8) and the analytical value from (12) are both
C = 0.52pF, while the parallel plate approximation from (13)
gives a much higher value of C,,, = 1.94pF. The parallel plate
formula does not take into account the fringing fields and the
specific field distribution of the TMy;9 mode, as can be seen
in Figure 7(b), which leads to an overestimation of the capac-
itance.

Once the method is validated, one can observe how the
parameters of the equivalent circuit change when the geom-
etry of the cavity is modified. As previously mentioned, the
resonant frequency of the TMy;o mode depends only on the
radius of the pillbox, so by changing the height of the pillbox,
the resonant frequency remains constant while the capacitance
and inductance change. The results of this analysis are shown
in Figure 8.
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Figure 8: Capacitance and inductance of the equivalent circuit of the pillbox
resonator as a function of the height of the cavity.

The capacitance of the equivalent circuit obtained from the
eigenmode analysis is inversely proportional to the height, as
expected from (12), while the inductance is directly propor-
tional, also as expected from (11).

The resistance of the equivalent circuit can also be ex-
tracted from the eigenmode analysis and (10). The unloaded
quality factor Qy obtained from the simulation was close to
40000 and constant for all heights. The results obtained for
various heights match the expected behaviour from (10), and
are shown in Figure 9.
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Figure 9: Resistance of the equivalent circuit of the pillbox resonator as a
function of the height of the cavity.

4.2. Magnetron anode

Now that the method has been validated with a simple cav-
ity, one can apply it to the cavities of the magnetron anode.

Same as with the pillbox, an eigenmode analysis is per-
formed with CST and the parameters of the equivalent circuit
are extracted for each of the 10 cavities. This process is more
nuanced than with the pillbox, as the 7-mode must be found
for each geometry, and the other modes resonate with frequen-
cies very close to the 7-mode in an unstrapped magnetron.

The Vg, for Equation (8) is obtained by integrating the
electric field along the gap between two adjacent vanes, and
the electric energy in each cavity by dividing the total electric
energy by 10. We get the results for various values of the gap
between the vanes, which are shown in Table 1. The capaci-
tance estimated with the parallel plate capacitor (C,,) with the
parallel section of the anode is also added for comparison.

Table 1: Equivalent circuit parameters for the magnetron anode cavities as a
function of the gap between vanes.

gmm) f(GHz) C,, (pF) C(@F) L@H) R(kQ)
1.95 1.078 2.011 4.897 4.45 112.62
2.00 1.085 1.984 4.572 4.7 120.26
2.05 1.093 1.957 3.978 5.33 138.01

Table 1 shows that this time the parallel plate approxima-
tion gives a much lower value than the one obtained from the
eigenmode analysis, which could also be expected from the
electric field distribution of the r-mode shown in Figure 3(a),
where the electric field extends beyond the parallel section of
the anode. It can also be seen that the capacitance decreases
as the gap between the vanes increases.

5. Complete equivalent circuit

With the parameters of the equivalent circuit extracted
from the geometry, a different equivalent circuit can be con-
structed, but this time including the effects of the cathode and
the electron-anode interaction. This circuit is taken from (Li
and Chen, 2012) and is shown in Figure 10.

In this new circuit C; represents the capacitance between
the vanes, and L, the inductance, which are precisely the ones
obtained from the eigenmode analysis. The need of obtaining
these parameters is why the methods described are required.

The new main components of this circuit are the C capac-
itor, which corresponds to the capacitance between the cath-
ode and the anode, and the voltage-controlled current source,
which represents the interaction of the electron cloud with
the anode (connected in parallel with a current source for the
noise).

Aside from these, the circuit also contains a resistance R
and an additional current source. The resistance R is related
but not the same as the one obtained for the equivalent RLC, as
this circuit is configured differently. The current source repre-
sents an external signal that could be injected into the system,
mainly used for signal control.
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Figure 10: Equivalent circuit used for the dynamic analysis.

The current source representing the interaction of the elec-
tron cloud with the anode depends on the voltage between the
cathode and the anode (which is the same as the voltage across
C,) following the following formula:

I=ay+aV+aV*+a3V3 (14)

where ay, a;, a;, and a3 are coefficients that are adjusted to
match the electron-anode interaction. This is obtained from
a third order Taylor series expansion of the current centred
around the operating point of the magnetron.

We choose the values for the cathode-anode capacitance,
the resistance and the correct source coefficients so that the
circuit oscillates the expected way (rise time, saturation, out-
put voltage and current, etc.). The noise and injection sources
are ignored for now but are needed for control design. The
results obtained from the transient analysis of the circuit are
shown in Figure 11.
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Figure 11: Transient response of the complete equivalent circuit.

The results show that the circuit oscillates at a frequency
close to the expected one from the extracted capacitance and
inductance. As demonstrated in (Li and Chen, 2012), this cir-
cuit can be used to analyse the dynamic behaviour of the mag-
netron, such as stability of the oscillation, but it can also be
used to analyse the effect of geometric variations on the per-
formance of the magnetron as well as the effect of an external
signal injected into the system. These make the complete cir-
cuit a suitable plant for the design of a control system.

6. Conclusions

This work has presented two complementary methodolo-
gies for extracting equivalent RLC circuits from magnetron
anode cavities: one based on scattering parameter measure-
ments or simulations and another based on eigenmode analy-
sis of electromagnetic field simulations. The eigenmode anal-
ysis approaches has been validated through application to a
simple cylindrical resonant cavity (pillbox resonator), where
agreement between analytical and extracted circuit parameters
was demonstrated. The measurement-based method provides
practical access to equivalent circuit parameters from real
or simulated devices, while the eigenmode analysis method

offers a more physically intuitive but simulation-exclusive
framework. The application of both methods to a 10-cavity
unstrapped magnetron anode demonstrates how equivalent
circuit parameters depend sensitively on device geometry.

The results obtained in this study enable the rapid electro-
magnetic characterization and modelling of magnetron anodes
through equivalent circuits, facilitating the analysis and opti-
mization of microwave generation devices. These methods are
particularly valuable for understanding how geometric varia-
tions affect device performance and for rapid design iteration
cycles.

The extraction of capacitance and inductance also allow
for the construction of more complex equivalent circuits suit-
able for dynamic analysis. The complete circuit presented in-
corporates the effects of the cathode-anode interaction and can
be used as a plant model for the creation and design of control
systems for magnetrons, which are common in applications
such as radar and linear accelerators.

Future work should explore the extension of these method-
ologies to strapped anodes, including the effects of inter-cavity
coupling through metal straps. Additionally, the compari-
son of extracted circuit parameters across different frequency
bands and operating regimes would provide deeper insights
into the generalizability and limitations of the equivalent cir-
cuit representation for complex magnetron geometries.
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